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MAXIMAL GALOIS GROUP OF
L-FUNCTIONS OF ELLIPTIC CURVES
F. JOUVE
Abstrat. We give a quantitative version of a result due to N. Katz about L-funtions of
ellipti urves over funtion elds over nite elds. Roughly speaking, Katz's Theorem states
that, on average over a suitably hosen algebrai family, the L-funtion of an ellipti urve over
a funtion eld beomes as irreduible as possible when seen as a polynomial with rational
oeients, as the ardinality of the eld of onstants grows. A quantitative renement is
obtained as a orollary of our main result whih gives an estimate for the proportion of ellipti
urves studied whose L-funtions have maximal Galois group . To do so we make use of E.
Kowalski's idea to apply large sieve methods in algebro-geometri ontexts. Besides large sieve
tehniques, we use results of C. Hall on nite orthogonal monodromy and previous work of the
author on orthogonal groups over nite elds.
Introdution
In [Ka℄, Katz studies the irreduibility of the L-funtion of an ellipti urve over a funtion
eld in one variable over Fq, when varying the urve among the elements of an algebrai family.
A very down-to-earth instane of Katz's result goes as follows (see [Ka, Setion 2℄): let Twistd
be the subspae of Ad
Fq
(where q is still assumed to be odd) onsisting of moni polynomials of
degree d > 3 for whih f(0)f(1)disc(f) is invertible. For an Fq-rational point f ∈ Twistd(Fq),
we onsider the ane urve U whih is the omplement in A1
Fq
of 0, 1 and the zeros of f . We
have the family of twisted Legendre ellipti urves (Ef ) over U with ane part:
y2 = f(λ)x(x− 1)(x− λ) .
From a fundamental Theorem of Grothendiek we know that the L-funtion L(Ef/Fq(t);T )
attahed to Ef/Fq(t) is apolynomial in T with oeients in Z. In the above setting, Katz's
result asserts that as q grows the proportion of f in Twistd(Fq) suh that the redued L-
funtion of Ef (whih is the quotient of L(Ef/Fq(t);T ) by trivial fators we will make preise
in Setion 1) is a Q-irreduible polynomial, tends to 1. That kind of question, of ourse, is
linked to the funtion eld version of the Birh-Swinnerton-Dyer onjeture. Indeed getting
information on the irreduibility of the L-funtion of a given ellipti urve over Fq(t) tells us, a
fortiori, about the order of vanishing of that funtion at 1.
In this paper we give a quantitative renement of Katz's result. There are essentially two
types of ingredients that ome into play in our proof. First, for an odd prime ℓ invertible
in the base eld, the ℓ-torsion of the ellipti urves we onsider gives rise to a family of Fℓ-
sheaves, the monodromy of whih is ontrolled by results of C. Hall [Hall℄. From lo. it., we
know that the nite monodromy groups arising are big subgroups of ertain orthogonal groups
and that imposes severe restritions on the representation theory of those groups. The seond
main feature of our work onsists in loal omputations for sets of matries or polynomials over
nite elds. Here we make a ruial use of results of [J℄. In both ases one of the main issues
omes from the lak of good topologial properties of the orthogonal group (seen as an algebrai
group over the rationals). As a matter of omparison, Kowalski in [KoZeta℄ establishes a similar
quantitative renement for a result of Chavdarov (see [Chav℄). However these authors work in
an algebro-geometri framework where Fℓ-sheaves with sympleti monodromy naturally arise.
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Therefore most of the main arguments used by Kowalski in [KoZeta℄ or Chavdarov in [Chav℄
annot be applied or even adapted to our ase beause orthogonal groups do not share some
nie properties that hold for the sympleti group (O(N) is not onneted ans SO(N) is not
simply onneted).
Our last task is then to put things together in a large sieve framework we will make preise.
The paper is divided in the following setions: rst, following [Hall℄, we give the preise
ontext and reall the results we need to state a sample of our main Theorem. In Setion 2 we
set up the large sieve framework that enables us to gather our dierent piees of data. In that
setion we state a large sieve inequality whih is a ruial tool to obtain the kind of quantitative
information we want. Finally in Setion 3, we reall and make a few results from [J℄ more preise,
so that putting things together yields a proof of our main result. We onlude by disussing
uniformity issues in our result and we give a uniform estimate (in a sense we will make preise)
in the ase where E is a Legendre urve.
Notation. As usual the ardinality of a nite set X will be denoted |X|. If G is a group
and S is a onjugay invariant subset of G, we will denote by S♯ the set of onjugay lasses of
elements of S under G. If G is an abelian group, Gˆ will denote its group of haraters.
The biggest integer smaller than a real number x will be denoted ⌊x⌋. If p is a prime number
and n is an integer, vp(n) will denote the p-adi valuation of n. Similarly, if m(t) (resp. P (t)) is
a polynomial (resp. an irreduible polynomial) in k[t] (for some eld k) then we will denote by
ordP (m) the exponent of P (t) appearing in the deomposition of m(t) as a produt of irreduible
polynomials.
We will make use of the Vinogradov notation f ≪ g or of the Landau notation f = O(g)
when there exists a stritly positive onstant C suh that |f(x)| 6 Cg(x) for any x in a ommon
subset of the domains of the funtions f and g. If Pκ(S) is a property that a set S may satisfy
depending on the value taken by a real parameter κ, we will write Pκ(S) holds for κ > κ0(S)
if the property Pκ(S) is true for a large enough value of κ that depends only on the hoie of S.
For two n-tuples (x1, . . . , xn) and (y1, . . . , yn) we will use the Kroneker symbol
δ
(
(x1, . . . , xn), (y1, . . . , yn)
)
,
whih equals 1 if xi = yi for all 1 6 i 6 n and 0 otherwise.
Finally we will denote by disc(f) the disriminant of a polynomial f (in the sense of e.g. [LaA,
p. 204℄) and by disc(Q) the disriminant of a quadrati form Q (i.e. the determinant of a Gram
matrix for Q).
Aknowledgements. The author would like to thank E. Kowalski for introduing him to
his deep generalization of the large sieve as well as C. Hall and F. Rodriguez-Villegas for useful
disussions.
1. A quantitative version of Katz's Theorem
For q a xed power of a xed odd prime number p, let E/Fq(t) be an ellipti urve over
the rational funtion eld K = Fq(t) with non onstant j-invariant. The L-funtion of E/K is
well-known to be equal to a reversed harateristi polynomial in the variable T :
det(1− qTA) ,
where A ∈ O(N,R), the orthogonal group for a real quadrati spae of dimension N . As men-
tioned in the introdution we know that suh a polynomial has integral oeients. Following
Katz (see [Ka℄), we prefer studying the unitarized L-funtion of E/K:
Lu(E/K;T ) = L(E/K;T/q) = det(1− TA) ,
whih is a polynomial with oeients in Z[1/q].
The question of the irreduibility of Lu(E/K;T ) seen as a Q-polynomial is only relevant if
there is no a priori imposed root for that polynomial. But, as Lu(E/K;T ) oinides with the
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(reversed) harateristi polynomial of an orthogonal matrix A with size N ×N , it satises the
well known funtional equation
(1) det(1− TA) = TN det(−A) det(1− T−1A) .
As a onsequene we will study the irreduibility (or indeed the maximality of the Galois
group) of what Katz alls the redued L-funtion:
(2)
Lred(E/K;T ) = det(1− TA)red =


det(1− TA)/(1 − det(A)T ) , if N is odd ,
det(1− TA)/(1 − T 2) , if N is even and det(A) = −1 ,
det(1− TA) , otherwise .
1.1. Quadrati twists and a partiular ohomology spae. Notie that instead of the
above piee of data E/Fq(t), we an suppose equivalently that we are given an ellipti bration
E −→ P1 .
Let f ∈ K×/(K×)2 (i.e. we x a lass of K× modulo the nonzero squares of K). We denote
by Ef the quadrati twist of E by f : this is the ellipti urve suh that Ef ≃ E over a quadrati
extension of K but not over K itself. For eah suh f we have an ellipti penil
Ef −→ P
1 .
The group of setions Ef (P
1) for that bration an be identied with the Mordell-Weil group
Ef (K) and the multipliation by ℓ morphism
Ef (K)
×ℓ
−→ Ef (K) ,
gives rise, for eah ℓ invertible in Fq, to the isogeny of group shemes
E lissef
×ℓ
−→ E lissef ,
where E lissef is the smooth part of the Néron model Ef −→ P
1
of E/K. The kernel Ef,ℓ of that
last arrow is an étale group sheme over P1 and the ber of Ef,ℓ over a geometri generi point
of P1 is Ef [ℓ], the ℓ-torsion of Ef (K) (it might only be a subspae of it though, if we do not
assume the geometri point we onsider to be generi).
Now let Vf,ℓ denote the étale ohomology group H
1(P1 × Fq, Ef,ℓ). There is an additional
quadrati struture on Vf,ℓ. Indeed the usual Weil pairing on Ef [ℓ] × Ef [ℓ] extends to a non-
degenerate alternating pairing
Ef,ℓ × Ef,ℓ −→ Fℓ(1) ,
where Fℓ(1) denotes the usual Tate twist. Poinaré duality yields a non degenerate symmetri
pairing
Vf,ℓ × Vf,ℓ −→ H
2(P1 ×Fq,Fℓ(1)) .
That last ohomology spae being isomorphi to Fℓ, we end up with a non-degenerate sym-
metri bilinear form on Vf,ℓ for whih the endomorphism Frq (indued on Vf,ℓ by the global
Frobenius on P1) is a onjugay lass of isometries (i.e. of elements of the assoiated orthogonal
group O(Vf,ℓ)).
1.2. A 1-parameter family of quadrati twists. With notation as above, we work under
the assumptions of [Hall, Setion 6.2℄: we suppose that E −→ P1 has at least one ber of
multipliative redution away from∞ and we x a nonzero polynomial m ∈ Fq[t] whih vanishes
at (at least) one point of the lous of multipliative redution so that, for any f , the bration
Ef −→ P
1
also has at least one ber of multipliative redution away from ∞. Now onsider for
every integer d > 1
Fd = {f ∈ Fq[t] | f is squarefree ,deg(f) = d, gcd(f,m) = 1} .
A remarkable property that Fd satises is that the degree of the L-funtion of the twisted
urve Ef/Fqn does neither depend on the hoie of f ∈ Fd(Fqn) nor on n but only on d (see [Hall,
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beginning of 6.2℄). The degree N of L(Ef/Fqn(t);T ) is expliitly given in Lemma 6.2 of lo. it.
by
(3) N = deg(Mf ) + 2deg(Af )− 4 ,
where Mf (resp. Af ) is the divisor of multipliative (resp. additive) redution of Ef −→ P
1
.
Instead of onsidering the whole variety Fd, we restrit ourselves to a one parameter subfamily
of polynomials in Fd. The reason for suh a restrition will beome lear when we get into the
details of the estimates we want to establish. The orresponng urve is the following open
subset of A1:
Ug = {c ∈ A
1(Fq) | (c− t)g(t) ∈ Fd}
where g is a xed element of Fd−1. The geometri points of Ug an easily be seen as the
omplementary in A1(Fq) of the union of the set of roots of g and m. Finally, for c ∈ Ug(Fq)
let us denote by Ec the quadrati twist of E by the Fq-polynomial (c− t)g(t) ∈ Fd(Fq). We an
state a sample of our main result as follows:
Theorem 1. With notation as above, let Lred,c denote the redued L-funtion of the quadrati
twist Ec of E . For N > 5, d = deg(g) + 1 > d0(E), and q > q0(E), we have
|{c ∈ A1(Fq) | g(c) 6= 0,m(c) 6= 0 and Lred,c is reduible }| ≪ q
1−γ log q ,
where the implied onstant depends only on E and where we an hoose 2γ−1 = 7N2 − 7N + 4.
2. A large sieve inequality
In this setion, we desribe the large sieve framework thanks to whih we will nally obtain
quantitative estimates suh as the one stated in Theorem 1. The idea of using sieve methods in
algebro-geometri ontexts was rst introdued by Kowalski in [KoZeta℄ to study the irreduibil-
ity and the maximality of the Galois group of numerators of zeta funtions of ertain urves over
nite elds (see [KoSieve, Chap. 8℄ for a general disussion on the subjet and [KoZeta2℄ for an
appliation to algebrai independene of the zeros of the numerators of those zeta funtions).
2.1. The geometri setting. To begin with, let us x a parameter variety U/Fq. We assume
it to be smooth, ane and geometrially onneted with dimension d > 1. If U¯ denotes the
extension of salars U × Fq to a separable losure of Fq and η¯ is a xed geometri point on U ,
we may denote by π1(U, η¯) (resp. π1(U¯ , η¯)) the étale arithmeti (resp. geometri) fundamental
group of U/Fq. These groups t the exat sequene
(4) 1 −−−−→ π1(U¯ , η¯) −−−−→ π1(U, η¯)
deg
−−−−→ Zˆ −−−−→ 1 ,
where Zˆ stands for the pronite ompletion of Z and the degree map deg is suh that deg(Fru) =
−n if Fru denotes the loal geometri Frobenius at u ∈ U(Fqn), for any n > 1.
The next piee of data is, for ℓ running over a xed set of primes Λ (that will be speied in
the appliation we have in mind), a family of sheaves (Fℓ)ℓ of Fλ-vetor spaes on U (where Fλ
is, for eah ℓ, a xed nite extension of Fℓ) with rank N > 1. Equivalently, for eah ℓ ∈ Λ, we
are given a ontinuous representation
ρℓ : π1(U, η¯) −→ GL(N,Fλ) .
The arithmeti Fℓ-monodromy group Gℓ assoiated to that representation is dened as its
image whereas the geometri Fℓ-monodromy group attahed to ρℓ is the image G
g
ℓ of the sub-
group π1(U¯ , η¯). Unlike the ase treated in [KoZeta℄ where the monodromy groups involved are
sympleti groups, we will have to deal with orthogonal monodromy groups in our appliations.
So we suppose that, for eah ℓ, we have an inlusion Gℓ ⊂ O(N,Fℓ) into the orthogonal group
for some Fℓ-quadrati spae of dimension N .
Finally we put the emphasis on the rst major dierene with the ase of a geometri setting
involving sympleti monodromy: we need to suppose we are given an étale Galois over
κ : V −→ U ,
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with abelian Galois group G(V/U) whih we assume to be an elementary 2-group. If µ¯ denotes
a geometri point on V suh that κ ◦ µ¯ = η¯, then, by funtoriality, we know these groups t the
exat sequene
1 −→ π1(V, µ¯)
π1κ−→ π1(U, η¯)
ϕ˜
−→ G(V/U) −→ 1 ,
where the quotient morphism ϕ˜ is indued by the map
ϕ : U(Fq) −→ G(V/U)
suh that the image of x ∈ U(Fq) is the ation of π1(U, η¯) on κ
−1{x}.
For eah ℓ ∈ Λ, the sheaf Fℓ an be pulled bak to a lisse Fℓ-adi sheaf κ
∗Fℓ on V . Our
ruial assumption is that the sheaf obtained has big geometri Fℓ-monodromy in the sense of
Hall (see [Hall℄), for every ℓ ∈ Λ i.e.
Gg,Vℓ = ρℓ(π1(V¯ , µ¯)) ⊃ Ω(N,Fℓ) ,
where we omit to write the inlusion π1κ for brevity and where Ω(N,Fℓ) stands for the derived
group of O(N,Fℓ).
Moreover we assume that the family (κ∗Fℓ)ℓ is linearly disjoint in the sense that, for every
ℓ 6= ℓ′ ∈ Λ, the produt map
ρℓ,ℓ′ = ρℓ × ρℓ′ : π1(U, η¯) −→ Gℓ ×Gℓ′
satises
ρℓ,ℓ′(π1(V¯ , µ¯)) = G
g,V
ℓ,ℓ′ = G
g,V
ℓ ×G
g,V
ℓ′ ⊃ Ω(N, ℓ)× Ω(N, ℓ
′) .
In order to unify the notation, the morphism ρℓ,ℓ′ (resp. the group G
g,V
ℓ,ℓ′ ) will simply denote
ρℓ (resp. G
g,V
ℓ ) in the ase ℓ = ℓ
′
.
Now we obtain for eah ℓ ∈ Λ the following diagram with exat rows and surjetive downward
arrows, by putting the above data together with (4):
(5)
1 −−−−→ π1(V¯ , µ¯) −−−−→ π1(U, η¯)
(deg,ϕ˜)
−−−−→ Γ −−−−→ 1yρℓ yρℓ yprℓ
1 −−−−→ Gg,Vℓ −−−−→ Gℓ
(deg,ϕ˜ℓ)
−−−−−→ Γℓ −−−−→ 1 ,
where prℓ is dened in suh a way that the diagram ommutes, and, in the bottom row, deg
stands for the quotient morphism Gℓ −→ Gℓ/G
g
ℓ , with G
g
ℓ = ρℓ(π1(U¯ , η¯)).
A few omments are in order here: rst, (5) is the analogue of the diagram (2.2) in [KoZeta℄.
Next, the quotient group Γ 6 Zˆ× G(V/U) is abelian and the quotient group Γℓ is a subgroup
of the Kleinian group Z/2Z × Z/2Z. Indeed the subgroup Ω(N,Fℓ) is normal with index four
in O(N,Fℓ) and the assoiated quotient is Z/2Z× Z/2Z (see [Ka, Setion 6℄ or [J, Setion 2℄).
The fat that, ontrary to [KoZeta℄, we need to introdue the auxiliary variety V is beause of
the assumption of linear disjointness. Indeed, as notied in lo. it., there are proper subgroups
of O(N,Fℓ)×O(N,Fℓ′) whih projet surjetively on both fators, e.g.
Hℓ,ℓ′ = {(g, g
′) | det(g) = det(g′)} ,
where the equality of determinants is seen in {±1}. As a onsequene, if ever, in the applia-
tions, we ome up with a family of sheaves (Fℓ)ℓ on U with geometri monodromy as big as
O(N,Fℓ), then we annot hope for linear disjointness for (Fℓ)ℓ itself. We emphasize here that
suh preautions need not be taken in the ase (studied in [KoZeta℄) of a family of sheaves with
sympleti Fℓ-monodromy.
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2.2. Sieving for Frobenius. Thanks to the data ontained in (5), we an perfrom a oset
sieve as desribed in a very general ontext in [KoSieve, Chap. 3℄ with omplements that an
be found in [J℄. In our ase the nite set whih is to be sifted is given, for a xed α ∈ G(V/U),
by
Xα = {u ∈ U(Fq) | ϕ(u) = ϕ˜(Fru) = α} .
Note, that a partiular feature of our study is that two left osets are onsidered simultane-
ously: on the one hand we restrit to loal Frobenii with degree −1 (i.e. to Fq-rational points
on U) and on the other hand, among the remaining Frobenii, we only keep those mapping to α
under ϕ˜.
Then we dene Y to be the set Xα seen on the fundamental group level:
Y = {g♯ ∈ π1(U, η¯)
♯ | ϕ˜(g♯) = α and deg(g♯) = −1} ,
where g♯ denotes the onjugay lass of g.
For eah ℓ ∈ Λ, we an then dene Yℓ = ρℓ(Y ) so that if we set αℓ = prℓ(−1, α), then Yℓ is the
left oset for whih αℓ is a representative. Now let L > 1 be a xed integer and let Θ = (Θℓ)ℓ
be a family of onjugay invariant subsets Θℓ ⊂ Yℓ. In this setion, our purpose is to give an
upper bound for the ardinality of the set
S(Xα,Θ, L) = {u ∈ Xα | ρℓ(Fru) 6∈ Θℓ for all ℓ ∈ Λ, ℓ 6 L} .
Note that, alternatively, we ould dene Λ as a subset of the prime numbers smaller than a
xed L > 1. This is in fat what we will do in the proof of Theorem 10.
Let Πℓ denote a set of representatives (ontaining 1) for the equivalene lasses of irreduible
representations of Gℓ identifying two irreduible representations π and τ if and only if their
restritions to Gg,Vℓ oinide. If Π
∗
ℓ denotes the subset of Πℓ \{1} onsisting of representations π
whose harater restrited to Yℓ does not identially vanish, then we have the following inequality
(a proof of whih an be found, in a more general ontext, in [KoSieve, Chap. 3℄)
(6) |S(Xα,Θ, L)| 6 ∆H
−1 ,
where
H =
∑
ℓ6L
(
|Θℓ|(|G
g,V
ℓ | − |Θℓ|)
−1
)
,
and
∆ 6 max
ℓ6L
max
ℓ∈Π∗
ℓ
∑
ℓ′6L
∑
τ∈Π∗
ℓ′
|W (π, τ)| ,
where W (π, τ) is an exponential sum given by
(7) W (π, τ) =
1√
|Γˆπℓ ||Γˆ
τ
ℓ′ |
∑
u∈Xα
Tr
(
πρℓ(Fru)
)
Tr
(
τρℓ′(Fru)
)
,
and Γˆπℓ = {ψ harater of Gℓ/G
g,V
ℓ | π ≃ π ⊗ ψ}.
The inequality (6) will be refered to as the large sieve inequality and ∆ will be alled the large
sieve onstant. Obviously, obtaining an eient upper bound for |S(Xα,Θ, L)| proeeds in two
steps: rst we need to nd a good upper bound for ∆ (this is the task this setion is devoted
to) and seond we need to produe a lower bound for H (whih is one of the goals of Setion 3).
As far as ∆ is onerned, the above a priori bound involving the sums W (π, τ) suggests that we
ould try to estimate those sums individually and hope for as muh anellation as possible. In
order to apply that strategy we need to make a few additional assumptions. If our base variety
is a urve, that involves the notion of ompatible system of sheaves:
Denition 2. With the same notation as above, a system of ontinuous representations (ρℓ)ℓ :
π1(U, η¯) −→ GL(r, kℓ) (where kℓ is a nite extension of Fℓ) indexed by a set of primes Λ not
ontaining p, is said to be ompatible if there exists a number eld K/Q and for eah ℓ ∈ Λ a
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prime ideal λ ∈ ZK (the ring of integers of K) suh that, on the one hand ZK/λ ≃ kℓ, and on
the other hand there exists a ontinuous morphism
ρ˜ℓ : π1(U, η¯) −→ GL(r,Zλ) ,
(where Zλ is the ring of integers of the ompletion Kλ of K with respet to λ) suh that
• for eah ℓ ∈ Λ, the redution ρ˜ℓ modulo λ is isomorphi to ρℓ,
• for eah ℓ ∈ Λ, eah extension Fqn/Fq and eah u ∈ U(Fqn), the reversed harateristi
polynomial
det(1− T ρ˜ℓ(Fru)) ∈ Zλ[T ]
has oeients in ZK and is independent of ℓ.
We an now state the key proposition, giving the expeted anellation for the sums W (π, τ)
under ertain ondtions.
Proposition 3. With the same notation as above, suppose π ∈ Π∗ℓ and τ ∈ Π
∗
ℓ′ . Then the
normalised exponential sums W (π, τ) satisfy:
(1) if Gg,Vℓ has order prime to p for all ℓ ∈ Λ, then
W (π, τ) = δ((ℓ, π), (ℓ′, τ))επq
d +O
(
qd−1/2|Gℓ,ℓ′ ||G(V/U)|(dim π)(dim τ)
)
where the implied onstant depends only on U¯ .
(2) if U is a urve (i.e. d = 1) and (Fℓ)ℓ forms a ompatible system of sheaves (obtained as
the redution of a system (F˜ℓ)ℓ of Zℓ-adi sheaves), then
W (π, τ) = δ((ℓ, π), (ℓ′, τ))επq +O
(
q1/2(dimπ)(dim τ)
)
,
where the implied onstant only depends on the ompatly supported Euler-Poinaré har-
ateristi of U¯ and on the system (F˜ℓ) on U¯ .
Moreover, in both ases, the onstant επ is uniformly bounded by 1 (i.e. επ 6 1
independently of ℓ and π).
Proof. Forgetting for a while the normalisation fator in (7), we onsider
W ′(π, τ) =
∑
u∈Xα
Tr
(
πρℓ(Fru)
)
Tr
(
τρℓ′(Fru)
)
.
Using Frobenius reiproity yields
W ′(π, τ) =
∑
u∈U(Fq)
Tr
(
πρℓ(Fru)
)
Tr
(
τρℓ′(Fru)
) 1
|G(V/U)|
∑
χ∈Gˆ(V/U)
χ(α)χ(ϕ˜(Fru)) ,
so that we are naturally led to onsider the sums
Wχ(π, τ) =
∑
u∈U(Fq)
Tr
(
πρℓ(Fru)
)
Tr
(
τρℓ′(Fru)
)
χ(ϕ˜(Fru)) ,
for eah harater χ ∈ Gˆ(V/U). The last two sums are thus related by the formula
W ′(π, τ) =
1
|G(V/U)|
∑
χ∈Gˆ(V/U)
χ(α)Wχ(π, τ) .
For a xed χ, the sum Wχ(π, τ) is losely related to the representation πρℓ ⊗ τρℓ′ ⊗ χϕ˜ of
the arithmeti fundamental group π1(U, η¯). To that representation orresponds an étale sheaf
Fχ(π, τ), so that, applying the Grothendiek-Lefshetz trae formula (see [G℄), we get
Wχ(π, τ) =
2d∑
i=0
(−1)iTr(Fr | H ic(U¯ ,Fχ(π, τ))) ,
where Fr denotes the morphism indued on the ompatly supported étale ohomology by the
global (geometri) Frobenius on U¯ .
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The whole point of the proof is to give a preise analysis of that sum. First let us denote
[π, τ¯ ] =
{
π ⊠ τ¯ if ℓ 6= ℓ′ ,
π ⊗ τ¯ if ℓ = ℓ′ ,
where we distinguish the external tensor produt ⊠ from the internal tensor produt ⊗.
Then, using the same notation as above, we have
πρℓ ⊗ τρℓ′ = [π, τ¯ ]ρℓ,ℓ′ .
Using the additional notation Gℓ,ℓ′ = ρℓ,ℓ′(π1(U, η¯)), we see that the representation [π, τ¯ ]ρℓ,ℓ′⊗
χϕ˜ orresponding to Fχ(π, τ), fators through a nite group:
π1(U, η¯)
ρℓ,ℓ′×ϕ˜
−→ Gℓ,ℓ′ ×G(V/U)
[π,τ¯ ]⊠χ
−→ GL((dim π)(dim τ),C) .
So any eigenvalue of any Fru, with u ∈ U(Fqn) ating on the ber of Fχ(π, τ) at a geometri
point u¯ lying above u is a root of unity. In other words, Fχ(π, τ) is pointwise pure of weight 0.
From a elebrated Theorem of Deligne [DeW, page 138℄, we dedue that the global geometri
Frobenius Fr ats on eah H ic(U¯ ,Fχ(π, τ)) with eigenvalues of modulus 6 q
w
for some integer
w 6 i/2.
Now in the sum Wχ(π, τ), the main ontribution omes from the trae of Frobenius on the o-
homology spae with highest degree H2dc (U¯ ,Fχ(π, τ)). The above argument yields the following
estimate for the sum of the other ontributions:
Lemma 4. We have the following estimates:
(1) if Gℓ,ℓ′ has order prime to p, then
∣∣2d−1∑
i=0
(−1)iTr(Fr | H ic(U¯ ,Fχ(π, τ)))
∣∣ 6 qd−1/2C(U¯)|Gℓ,ℓ′ ||G(V/U)|(dim π)(dim τ) ,
where C(U¯) is a onstant depending only on U¯ .
(2) if d = 1 (i.e. U is a urve) and the family (ρℓ) is obtained by reduing a ompatible
system of ℓ-adi sheaves, then
∣∣2d−1∑
i=0
(−1)iTr(Fr | H ic(U¯ ,Fχ(π, τ)))
∣∣ 6 q1/2C(U¯ , (ρℓ))(dimπ)(dim τ) ,
where the onstant C(U¯ , (ρℓ)) depends only on the ompatly supported Euler-Poinaré
harateristi of U¯ and the ompatible system.
Proof. This follows diretly from the disussion preeding the statement of the lemma and [KoSieve,
Prop. 8.9℄ (to whih we refer for preise expressions for the onstants C(U¯) in ase (1) and
C(U¯ , (ρℓ)) in ase (2)).
For instane, to derive (2) from lo. it., we need only notie that (2) of [KoSieve, Prop. 8.9℄
holds for a representation ρ of the type ρℓ,ℓ′ × ϕ˜ with values in Gℓ,ℓ′ ×G(V/U) sine G(V/U) is
assumed to be an elementary 2-group and thus an be seen as a subgroup of a produt of type∏
iGL(1, ki) where ki is a nite eld with harateristi ℓi 6= p. 
It remains now to determine preisely what the main ontribution is. It is enough to determine
the dimension of the ohomology spae of degree 2d and then to show that the global geometri
Frobenius ats with eigenvalues whih are all equal and have for ommon value ±qd. Notie rst
that we have, from the Hohshild-Serre spetral sequene,
H2dc (U¯ ,Fχ(π, τ)) = H
2d
c (V¯ , κ
∗Fχ(π, τ))
Gg(V/U) ,
where the group Gg(V/U) is the geometri version of the Galois group of the over κ : V −→ U ,
i.e. it is dened via the exat sequene
1 −→ π1(V¯ , µ¯) −→ π1(U¯ , η¯) −→ G
g(V/U) −→ 1 .
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The ohomology spae H2dc (V¯ , κ
∗Fχ(π, τ)) oinides with the spae of oinvariants (see [De,
Sommes trig., Rem. 1.18d℄) (
πρℓ ⊗ τρℓ′ ⊗ χϕ˜
)
π1(V¯ ,µ¯)
(−d) ,
whih is the d-th Tate twist of the spae of oinvariants of the representation πρℓ⊗τρℓ′⊗χϕ˜ seen
as a π1(V¯ , µ¯)-module. First, we fous on dimension issues. In the last part of the proof we will
show that Frobenius ats as ±Id on the spae of oinvariants H2dc (U¯ ,Fχ(π, τ)) (or equivalently
with eigenvalues all equal to qd or all equal to −qd on the d-th Tate twist of that spae).
The Tate twist having no impat on the dimension, we end up trying to evaluate the dimension
of the subspae of invariants: ((
πρℓ ⊗ τρℓ′ ⊗ χϕ˜
)
π1(V¯ ,µ¯)
)Gg(V/U)
.
As χϕ˜ is trivial as a π1(V¯ , η¯)-module, we have an isomorphism(
πρℓ ⊗ τρℓ′ ⊗ χϕ˜
)
π1(V¯ ,µ¯)
≃
(
πρℓ ⊗ τρℓ′
)
π1(V¯ ,µ¯)
⊗ χϕ˜ .
Thanks to the assumption of linear disjointness, we have the isomorphism between the spaes
of oinvariants (
πρℓ ⊗ τρℓ′
)
π1(V¯ ,µ¯)
= ([π, τ¯ ]ρℓ,ℓ′)π1(V¯ ,µ¯) ≃ [π, τ¯ ]Gg,V
ℓ,ℓ′
So, as we are now dealing with omplex representations of nite groups, that last spae of
oinvariants oinides with the spae of invariants [π, τ¯ ]
Gg,V
ℓ,ℓ′
. As π ∈ Π∗ℓ and τ ∈ Π
∗
ℓ′ , we an
invoke [KoSieve, Lemma 3.4℄ to dedue that this spae of invariants an only be non trivial in
the ase where (ℓ, π) = (ℓ′, τ). As a onsequene the dimension we are interested in is that of
the subspae of the Gg(V/U)-invariants of(
πρℓ ⊗ πρℓ
)
π1(V¯ ,µ¯)
⊗ χϕ˜ .
Applying one more the above arguments, we dedue that the dimension we atually need to
ompute is that of the spae (reall that χϕ˜ is a trivial π1(V¯ , µ¯)-module)((
πρℓ ⊗ πρℓ ⊗ χϕ˜
)π1(V¯ ,µ¯))Gg(V/U) .
To that purpose, we use the following lemma, whih is purely representation theoreti.
Lemma 5. Let G be a ompat group, Ω a normal ompat subgroup of G wtih abelian quotient
K tting the exat sequene
1 −→ Ω −→ G −→ K −→ 1 .
Let k be an algebraially losed eld with harateristi zero, π a nite dimensional k-representation
of G and χ a (degree 1) harater of K. If π¯ denotes the ontragredient representation of π,
then we have the isomorphism of G-modules(
(π ⊗ π¯ ⊗ χ)Ω
)K
≃ (π ⊗ π¯ ⊗ χ)G ,
Proof. The spae of invariants (π ⊗ π¯ ⊗ χ)Ω oinides with the projetion of the restrition
(π⊗ π¯⊗χ)|Ω on the trivial representation of Ω. Using Frobenius reiproity, this spae an also
be written ⊕
ψ∈Kˆ
(π ⊗ π¯ ⊗ χ)(ψ) ,
whih is nothing but the sum of the ψ-omponents of π ⊗ π¯ ⊗ χ (seen as a G-module) over the
haraters ψ of K. This spae an also be written⊕
ψ∈Kˆ
(π ⊗ π¯)(χ¯ψ) .
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Under this form, it is easy to dedue that the subspae of K-invariants of that representation
is (π⊗ π¯)(χ¯), obtained by projeting on the trivial representation 1K . Finally, this subspae an
also be written (π ⊗ π¯ ⊗ χ)(1) whih, by denition, is the spae of invariants
(π ⊗ π¯ ⊗ χ)G .

Thanks to the lemma, we an now give a useful expression for the dimension of the spae of
invariants we are interested in.
Lemma 6. If
(
πρℓ ⊗ πρℓ ⊗ χϕ˜
)π1(U¯ ,η¯) 6= 0, then there exists a harater ψχℓ of Gℓ suh that we
have an isomorphism between the spaes of invariants(
[π, π¯]ρℓ ⊗ χϕ˜
)π1(U¯ ,η¯) ≃ ([π, π¯]⊗ ψχℓ )Ggℓ .
Moreover the dimension of the latter spae is
γπ,χℓ = |{ψ harater of Gℓ/G
g
ℓ | π ≃ π ⊗ ψ
χ
ℓ ψ}| .
Proof. Assuming the spae of invariants we onsider is not trivial, let us x a nonzero π1(U¯ , η¯)-
invariant vetor v. We have
[π, π¯](g)v = χϕ˜(g)v, for all g ∈ π1(U¯ , η¯) .
For any g, we have χϕ˜(g) ∈ {±1} and that quantity depends only on ρℓ(g). Indeed, if g1, g2
are suh that ρℓ(g1) = ρℓ(g2), then the above relation yields χϕ˜(g1) = χϕ˜(g2) sine we hose
v 6= 0. That observation enables us to dene a harater ψχℓ of G
g
ℓ :
ψχℓ (h) = χϕ˜(g), where h ∈ G
g
ℓ and g is suh that ρℓ(g) = h .
Notie that suh a harater ψχℓ is trivial on G
g,V
ℓ simply beause χϕ˜ is trivial on π1(V¯ , µ¯).
Thus, we an see it as a harater of Ggℓ/G
g,V
ℓ and it an be extended to a harater of Gℓ/G
g,V
ℓ
by making it at trivially on the possibly missing Z/2Z fator (this is beause we have the
inlusions
Ω(N,Fℓ) ⊂ G
g,V
ℓ ⊂ G
g
ℓ ⊂ O(N,Fℓ) ,
and we know O(N,Fℓ)/Ω(N,Fℓ) ≃ Z/2Z/× Z/2Z).
To prove the seond part of the statement we need to determine the dimension of the spae
spanned by the vetors w satisfying
π ⊗ π¯(g)(w) = ψχℓ (g)w ,
for all g ∈ Ggℓ . Using Frobenius reiproity one more, we an ompute that dimension (equal
to the multipliity of the trivial harater in the restrition of π ⊗ π¯ ⊗ ψχℓ to the group G
g
ℓ ):
〈π ⊗ π¯ ⊗ ψχℓ ; 1〉Ggℓ = 〈π ⊗ π¯ ⊗ ψ
χ
ℓ ;
∑
ψ
ψ〉Gℓ ,
where, in the last sum, ψ runs over the group of haraters of the abelian group Gℓ/G
g
ℓ .
As we have hosen π ∈ Π∗ℓ , the salar produt in the right hand side of the above equality is
equal to the ardinality
γπ,χℓ = |{ψ harater of Gℓ/G
g
ℓ | π ≃ π ⊗ ψ
χ
ℓ ψ}| .

Remark. We learly have an injetion
{ψ harater of Gℓ/G
g
ℓ | π ≃ π ⊗ ψ
χ
ℓ ψ} −→ Γˆ
π
ℓ(8)
ψ 7→ ψχℓ ψ ,
so that γπ,χℓ 6 |Γˆ
π
ℓ | for any hoie of π ∈ Π
∗
ℓ and χ ∈ Ĝ(V/U).
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To unify the notation, we set γπ,χℓ = 0 if ([π, π¯]ρℓ ⊗ χϕ˜)
π1(U¯ ,η¯)
is trivial. The follow-
ing lemma enables us to determine ompletely the ontribution of the trae of Frobenius on
H2dc (U¯ ,Fχ(π, π)).
Lemma 7. Provided H2dc (U¯ ,Fχ(π, π)) is non zero, there is a unique eigenvalue for the global
geometri Frobenius ating on that spae: it is either qd or −qd.
Proof. It is enough to prove that the global geometri Frobenius ats on the spae of oinvariants
(πρℓ⊗π¯ρℓ⊗χ)π1(U¯ ,η¯) as either Id or −Id (so it ats on the d-th Tate twist by salar multipliation
by qd or −qd). From the arguments preeding Lemma 5 and Lemma 5 itself we know that the
spae of oinvariants we are interested in is isomorphi (as a Galois module) to the spae of
invariants
(πρℓ ⊗ π¯ρℓ ⊗ χφ˜)
π1(U¯ ,η¯) .
That spae of invariants an be seen as a Zˆ-module for whih we want to understand the
ation of its topologial generator d(Fru) = −1 for any u ∈ U(Fq) suh that ϕ˜(Fru) = α. Now
from Lemma 6 that ation is the same as that of prℓ(−1, α) on ([π, π¯]⊗ ψ
χ
ℓ )
Gg
ℓ
.
We saw in the ourse of the proof of Lemma 6, that ([π, π¯]⊗ ψχℓ )
Gg
ℓ
deomposes as⊕
{ψ harater of Gℓ/G
g
ℓ | π ≃ π ⊗ ψℓψ} .
On eah of these 1-dimensional summands prℓ(−1, α) ats by multipliation by ψ(prℓ(−1), α).
For eah x ∈ Yℓ and eah ψ involved in the above sum, we have ψ(x) = ψ(prℓ(−1, α)). Now
taking the trae on eah side of the isomorphism dening the haraters ψ we fous on, we get
for all x ∈ Yℓ:
Trπ(x) = Trπ(x)ψχℓ (x)ψ(x) .
As we hose π ∈ Π∗ℓ , the funtion Trπ does not identially vanish on Yℓ and we get ψ(prℓ(−1, α)) =
ψχℓ (prℓ(−1, α)) for all ψ. The result follows from the fat that ψ
χ
ℓ takes its values in {±1}.

Emphasizing the main term in the sum Wχ(π, τ), we have just proven that
Wχ(π, τ) = δ((ℓ, π), (ℓ
′, τ))γπ,χℓ q
d +
2d−1∑
i=0
(−1)iTr
(
Fr | H ic(U¯ ,Fχ(π, τ))
)
.
Now reall
W (π, τ) =
(
|Γˆπℓ ||Γˆ
τ
ℓ′ |
)−1/2
|G(V/U)|−1
∑
χ∈Ĝ(V/U)
χ(α)Wχ(π, τ) .
Setting
επ =
1
|G(V/U)|
∑
χ
(
χ(α)(γπ,χℓ |Γˆ
π
ℓ |
−1)
)
,
and looking bak at (8), we get the main term as stated in the proposition.
Applying Lemma 4 we nally get the full statement of the proposition.

Thanks to Proposition 3, we an dedue an upper bound for the large sieve onstant ∆ that
in turn yields the following result:
Corollary 8. With the same assumptions as in Proposition 3, let us denote d′ = N(N − 1)/2
the dimension of O(N) as an algebrai group, then we have
|{u ∈ U(Fq) | ρℓ(Fru) 6∈ Θℓ for all ℓ ∈ Λ}| 6 |G(V/U)|(q
d + Cqd−1/2(L+ 1)A)H−1 ,
where,
• In ase (1) of Proposition 3, A = 7d′/2 + 1 and C depends only on U¯ .
• In ase (2) of Proposition 3, A = 3d′/2 + 1 and C depends only on the Euler-Poinaré
harateristi of U¯ and on the system (F˜ℓ) on U¯ .
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Proof. Let us x α ∈ G(V/U). Combining (6) and Proposition 3, we get, in ase (1) of Propo-
sition 3,
|S(Xα,Θ;L)| 6 max
ℓ,π
{
qd + Cqd−1/2(dimπ)
∑
ℓ′,τ
(dim τ)|Gℓ,ℓ′ |
}
H−1 ,
whereas, in ase (2) of Proposition 3,
|S(Xα,Θ;L)| 6 max
ℓ,π
{
qd + Cqd−1/2(dimπ)
∑
ℓ′,τ
(dim τ)
}
H−1 .
Now we an use the following trivial inequalities
dimπ 6
√
|Gℓ| ,
∑
τ irr
dim τ 6 |Gℓ′ | , |Gℓ,ℓ′ | 6 |Gℓ||Gℓ′ | ,
where π is any irreduible representation of Gℓ and τ runs over a set of representatives for the
isomorphism lasses of irreduible representations of Gℓ′ . Doing so, we eventually get the upper
bound:
|S(Xα,Θ;L)| 6 (q
d + Cqd−1/2(L+ 1)A)H−1 ,
sine we have
|Gℓ| 6 |O(N,Fℓ)| 6 (ℓ+ 1)
N(N−1)/2 .
To onlude the proof, we need only remark:
|{u ∈ U(Fq) | ρℓ(Fru) 6∈ Θℓ, for all ℓ 6 L}| =
∑
α∈G(V/U)
|S(Xα,Θ;L)| .
Thus the left hand side of the above equality an be bounded by
|G(V/U)| max
α∈G(V/U)
|S(Xα,Θ;L)| .
Combining that with the upper bound for |S(Xα,Θ;L)| we get the estimate we wanted. 
Remark. It seems reasonable to hope that for any representation π ∈ Π∗ℓ and any nontrivial
χ, we have γπ,χℓ = 0. As we trivially see that γ
π,1
ℓ = |Γˆ
π
ℓ |, then this would enable us to set
επ = |G(V/U)|
−1
for any π, whih would be very useful both to save a power of 2 in the implied
onstant of Theorem 1 and for uniformity purposes. Indeed, without that kind of additional
data, we annot get rid of the onstant |G(V/U)| (i.e. of the dependeny on the degree of the
over V −→ U) in orollary 8.
To dedue Theorem 1 from the above orollary, we need to give a lower bound for the onstant
H. As we are interested in uniformity issues (i.e. we would like the implied onstant to be an
absolute onstant in our estimate, at least in the ase where E is a Legendre urve), that lower
bound needs to be expliit in terms of the ommon degree N of the L-funtions studied.
3. Statement and proof of the main result
Applying the sieving mahinery of the preeding setion, we an prove a more general version
of Theorem 1 in the ontext of Setion 1. Indeed, beyond the question of the irreduibility of
Lred,c when averaging over c, we an investigate the question of the maximality of the Galois
group of suh a Q-polynomial.
3.1. A stronger version of Theorem 1. First, we need to understand why the setup of
Setion 1 ts the abstrat geometri framework of Setion 2.1. This is mostly due to Hall
(see [Hall℄). The parameter variety we are interested in is the ane urve Ug of Setion 1, where
g is a xed element of Fd−1. We restrit ourselves to the urve Ug beause we annot guarantee
that the ondition p ∤ |Gg,Vℓ | holds, as would be required by (1) of Proposition 3 if we wanted to
work with the variety Fd.
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With notation as in Setion 1, there is, for eah ℓ a unique lisse Fℓ-sheaf denoted Td,ℓ whose
ber over any f ∈ Fd(Fq) is Vf,ℓ. That sheaf an be restrited to the urve Ug and this gives
rise, for a geometri point f(t) = (c− t)g(t) ∈ Fd(Fq) to a representation:
π1(Ug, c¯) −→ GL(Vf,ℓ) ,
where c¯ is a geometri point over c.
From what we saw at the end of Setion 1.1, we know that the image of that representation
sits in the orthogonal group O(Vf,ℓ) (with respet to the symmetri pairing given by Poinaré
duality). That means both the arithmeti and the geometri monodromy groups of Td,ℓ are
subgroups of O(Vf,ℓ). As explained by Hall in [Hall, Setion 2℄, the system of sheaves (Td,ℓ)ℓ
restrited to Ug forms a ompatible system in the sense of Denition 2. Indeed we have
Lred(Ef/K;T ) ≡ det(1− TFrq | Vf,ℓ) (mod ℓ) ,
whih of ourse is a ruial identity for us as we want to study Lred(Ef/K;T ) via sieve methods.
Finally we need to understand why there exists an étale Galois over Vg −→ Ug satisfying the
properties stated in Setion 2.1. That is in fat a reformulation of Hall's Theorem 6.6 in [Hall℄.
The following lemma, whih was explained to the author by C. Hall, provides us with a preise
version of the property we need.
Lemma 9. With notation as above, if we assume that d = deg g + 1 > d0(E) and ℓ > ℓ0(E),
then there exists an étale Galois over Vg −→ Ug, with Galois group G(Vg/Ug) an elementary
2-group, suh that, if we denote by ρℓ the representation whih is Td,ℓ, we have
ρℓ(π1(Vg, µ¯)) = Ω(N,Fℓ) ,
and
ρℓ,ℓ′(π1(Vg, µ¯)) = Ω(N,Fℓ)× Ω(N,Fℓ′) ,
for ℓ 6= ℓ′.
Moreover we an hoose
ℓ0(E) = max
(
13,max{p′ prime | vp′(−ordP (j(E))) > 0 for some P ∈ Fq[t] irreduible}
)
.
Proof. Let Uℓ,g −→ Ug be the over with Galois group Gℓ. Beause Td,ℓ (or ρℓ) has big geometri
monodromy for d and ℓ large enough (see [Hall, Th. 6.3℄), the group Ggℓ (whih is a subgroup of
Gℓ) ontains the derived group Ω(N,Fℓ) of the orthogonal group as soon as ℓ is suiently large.
If Wℓ,g −→ Ug is the subover orresponding to Ω(N,Fℓ) then Wℓ,g −→ Ug is Galois with group
a subgroup of Z/2Z × Z/2Z. Thus if we dene Vg to be the ompositum of these overs, the
over Vg −→ Ug we get is still Galois with group an elementary 2-group. Now Ω(N,Fℓ) has no
non trivial abelian quotient (see e.g. [D, Prop. 10℄), so applying Goursat-Ribet's Theorem (see
e.g. [Chav, Prop. 5.1℄), we dedue that the overs Uℓ,g −→ Wℓ,g and Vg −→ Wℓ,g are disjoint;
in partiular, if Vℓ,g is the ompositum of Vg −→Wℓ,g and Uℓ,g −→Wℓ,g, then the Galois group
of Vℓ,g −→ Wℓ,g is that of Uℓ,g −→ Wℓ,g whih is preisely Ω(N,Fℓ). In partiular, as Ω(N,Fℓ)
has no non trivial abelian quotient, we dedue ρℓ(π1(V¯g, µ¯)) = Ω(N,Fℓ).
The statement of linear disjointness follows by invoking one more Goursat-Ribet's Theorem.
As far as the minimal value for ℓ is onerned, we exploit the remark following [Hall, Lemma
6.1℄. Besides the fat that ℓ > 5, there are two onditions needed for Hall's Theorem to apply:
ℓ should not divide the multipliity of any irreduible polynomial in Fq[t] appearing as a fator
of the denominator of the j-invariant of E, and if f(t) = (c− t)g(t) then the Galois group of the
torsion eld K(Ef [ℓ]) over K ontains SL(2,Fℓ).
This last ondition an be made expliit thanks to a result due to A. Cojoaru and C. Hall
(see [CH, Th. 1℄) about the uniformity (in the funtion eld ase) of Serre's result on the
surjetivity of mod ℓGalois representations of ellipti urves. Their Theorem gives a very expliit
lower bound for the rst prime ℓ for whih surjetivity holds, and this bound depends only on
the genus of the funtion eld over whih the ellipti urve onsidered is dened. Applying their
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formula in our ase (i.e. in the ase of a rational funtion eld), we obtain that the surjetivity
property holds as soon as ℓ > 13.

Now Corollary 8 may be applied in the framework of Setion 1.1, that means with U = Ug
and ρℓ orresponding for eah ℓ to the restrition of Td,ℓ to Ug. For a suitable hoie of sieving
sets Θℓ we might then obtain a proof of Theorem 1, provided we an produe a good enough
uniform lower bound for H. However we an do better than just investigating the irreduibility
of L-funtions when averaging over Ug(Fq). Indeed as notied by Kowalski in [KoSieve, 8.6℄
and as we did in [J℄ in the ontext of random walks on integral points of orthogonal groups, we
an get quantitative information on the maximality of the Galois group of the Q-polynomial
Lred(Ec/K;T ), when c runs over the set of Fq-rational points of Ug.
First, the funtional equation (1) imposes the Galois group of Lred(Ec/K;T ) to be stritly
smaller than the full symmetri group SNred . Indeed that Galois group ats on pairs of roots
{αi, αNred/2} for 1 6 i 6 Nred/2 + i. We dedue that the maximal Galois group that the Q-
polynomial Lred(Ec/K;T ) an have is the group denoted WNred . This group oinides with the
Weyl group of the algebrai group O(N). That is an instane of a muh more general priniple
aording to whih the Galois group of the harateristi polynomial of an integral point of any
redutive group G/Q should generially oinide with the Weyl group of G (at least if G/Q
is split). Suh a question is investigated in [JKZ℄ in the ase of a split model over Q of the
exeptional group E8, in [KoSieve, Chap. 7℄ for SL(n) and Sp(2g) and in [J℄ for the orthogonal
group with respet to an indenite quadrati form.
As a onsequene, it seems fair to say that the Q-polynomial Lred(Ec/K;T ) has small Galois
group if the Galois group of its splitting eld over Q is stritly ontained in WNred . Now the
generalized version of Theorem 1 we shall prove is the following:
Theorem 10. With notation as in Setion 1, let Lred,c denote the redued L-funtion of the
quadrati twist Ec of E. For N > 5, d = deg(g) + 1 > d0(E), and q > q0(E), we have
|{c ∈ A1(Fq) | g(c)m(c) 6= 0 and Lred,c has small Galois group }| ≪ N
2|G(Vg/Ug)|q
1−γ log q ,
where the implied onstant depends only on j(E) (e.g. it does not depend on N , and q ould be
replaed by qn for any n > 1), and where we an hoose 2γ−1 = 7N2 − 7N + 4.
Besides the large sieve inequality ontained in the statement of Corollary 8, the other ingre-
dient we need in order to prove Theorem 10 onsists in a suitable hoie of families Θ and, for
eah suh family, a good enough uniform lower bound for the onstant H. As the Galois groups
we are investigating are subgroups of the Weyl group WNred , the hoie for the families Θ is
almost the same as in our previous work [J, Lemma 20℄. The only thing that hanges here is
the number of left osets of O(N,Fℓ), with respet to Ω(N,Fℓ), that we onsider. Indeed, in
lo. it., we were only working with matries whose determinant was 1, namely elements of
SO(n,m)(Z). In that ase the spinor norm is the only invariant that disriminates a left oset
from another. Here we also have to handle the osets given by (det = −1,NSpin = ±1). To
desribe the families Θ we hoose, we need rst to reall a few notations from [J℄: we onsider
the set of polynomials
MN,ℓ =
{
1 + b1T + · · · + bNT
N | bi ∈ Fℓ, b
2
N = 1 and bN−i = bN bi, if 0 6 i 6 ⌊N/2⌋
}
.
For a xed left oset αℓG
g,V
ℓ ⊂ O(N,Fℓ), the integer Nred is well dened as the degree of the
redued harateristi polynomial of any matrix in that oset in the sense of (2), namely
Nred =


N if N is even and detαℓ = 1 ,
N − 2 if N is even and detαℓ = −1 ,
N − 1 if N is odd .
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Thus we an dene a family of sieving sets (Θℓ)ℓ suh that Θℓ ⊂ Yℓ = αℓG
g,V
ℓ , via the formula
Θℓ = {g ∈ O(N,Fℓ) | (det,NSpin)(g) = (ε
(1)
ℓ , ε
(2)
ℓ ), det(1− Tg)red ∈ Θ˜ℓ} ,
where Θ˜ℓ is for eah ℓ a xed subset of MNred,ℓ.
Now our hoie for families of sieving sets orresponds to the following sets of polynomials
and values for ε
(1)
ℓ , ε
(2)
ℓ .
(1) The set Θ
(1)
ℓ orresponds to the set of polynomials Θ˜
(1)
ℓ
• whih are either irreduible if N is odd or if N is even and ε
(1)
ℓ = −1, or irreduible
with a xed value modulo nonzero squares of Fℓ at −1 and satisfy disc(f) = disc(Q)
if N is even, ε
(1)
ℓ = 1, and O(Nred,Fℓ) = O(N,Fℓ) is nonsplit,
• whih fator as a produt of two distint moni irreduible polynomials of degree
Nred/2 if ε
(1)
ℓ = 1, O(Nred,Fℓ) is split and ℓ ≡ 1 (mod 4),
• whih fator as a produt of an irreduible moni quadrati polynomial and an
irreduible polynomial of degree Nred − 2 if ε
(1)
ℓ = 1, O(Nred,Fℓ) is split and ℓ ≡
3 (mod 4).
(2) Let Θ˜
(2)
ℓ be the set of polynomials f inMNred,ℓ with a xed value modulo nonzero squares
of Fℓ at −1, whih satisfy disc(f) = disc(Q) and whih fator as a produt of a moni
quadrati polynomial with distint moni irreduible polynomials of odd degree.
(3) Let Θ˜
(3)
ℓ be the set of polynomials f inMNred,ℓ with a xed value modulo nonzero squares
of Fℓ at −1, whih satisfy disc(f) = disc(Q) and with assoiated polynomial h (suh that
f = xnh(x+ x−1)) being separable with at least one fator of prime degree > Nred/4.
(4) Let Θ˜
(4)
ℓ be the set of polynomials f inMNred,ℓ with a xed value modulo nonzero squares
of Fℓ at −1, whih satisfy disc(f) = disc(Q) and with assoiated polynomial h being
separable with one irreduible quadrati fator and no other irreduible fator of even
degree.
The above hoies are justied by [KoZeta, Lemma 7.1(iii)℄ and the disussion following (8.4)
in lo. it. It is indeed proven therein that if the four onjugay lasses of WNred , that are
impliitly emphasized by the four hoies above, are ontained in a subgroup of WNred then
that subgroup is the full group WNred . Notie here that nding a good family Θ
(1)
is quite an
issue, though its purpose is as simple as deteting the irreduibility of the Q-polynomial we
investigate (namely the redued L-funtion of a quadrati twist of the ellipti urve E). We refer
the reader to [J, Setions 2 and 3℄ for details and explanations regarding this partiular feature
and to [Ka, end of Setion 7℄ for the trik of looking both at redutions of the type (Fℓ-irreduible
of degree 2)(Fℓ-irreduible of degree Nred − 2) and (Fℓ-irreduible of degree Nred/2)(a dierent
Fℓ-irreduible of degree Nred/2) to detet Q-irreduibility.
As explained earlier, we need uniform lower bounds (in terms of the degree N) for eah
onstant H orresponding to our dierent hoies of families Θ. Those bounds are essentially
provided by the following Lemma:
Lemma 11. Suppose N > 5 . For the rst three families of sieving sets above, the following
estimates hold for ℓ > ℓ0(N):
|Θ
(1)
ℓ |
|Ω(N,Fℓ)|
>
1
4N2
,
|Θ
(2)
ℓ |
|Ω(N,Fℓ)|
>
1
5N
,
|Θ
(3)
ℓ |
|Ω(N,Fℓ)|
>
7
3N
.
For the family fo sieving sets (Θ
(4)
ℓ ), we have, for ℓ > ℓ0(N),
|Θ
(4)
ℓ |
|Ω(N,Fℓ)|
>
1
9N(N − 6)
if Nred > 10, and
|Θ
(4)
ℓ |
|Ω(N,Fℓ)|
>
1
N2
, otherwise .
Proof. For Θ
(1)
ℓ the major part of the argument is ontained in the proof of [J, Lemma 20℄. From
the estimates proved in lo. it., we easily dedue, in the ase where N = Nred is even, ε
(1)
ℓ = 1
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and the orthogonal group O(N,Fℓ) is nonsplit, the following asymptoti expansion:
|Θ
(1)
ℓ |
|Ω(N,Fℓ)|
>
1
2N
−
N(N − 1) + 4N + 4
4Nℓ
+O
(N3
ℓ2
)
,
with an absolute implied onstant. Thus
|Θ
(1)
ℓ |
|Ω(N,Fℓ)|
>
1
3N
,
for ℓ > ℓ0(N). Moreover, the results of Katz ([Ka, Setion 6℄) provide us with the following
lower bounds:
|Θ
(1)
ℓ |
|Ω(N,Fℓ)|
>
1
4(N − 2)
,
as soon as ℓ > max(7, N/2 − 1), if N is even and ε
(1)
ℓ = −1 (this is [Ka, Lemma 6.3℄). Other
lemmas from lo. it. are also used in [J, Lemma 20℄ to prove
|Θ
(1)
ℓ |
|Ω(N,Fℓ)|
>
1
4N2
,
in the split ase and assuming ε
(1)
ℓ = 1, and
|Θ
(1)
ℓ |
|Ω(N,Fℓ)|
>
1
2N − 2
,
as soon as ℓ > max(7, (N − 1)/2) if N is odd.
Overall, we obtain the lower bound stated as soon as N > 3.
As far as Θ
(2)
ℓ is onerned, we dedue from the formula of [J, Proof of Lemma 20℄ that
|Θ
(2)
ℓ |
|Ω(N,Fℓ)|
>
1
4N
−
3N2 + 3N + 1
24Nℓ
+O
(N3
ℓ2
)
,
with an absolute implied onstant. So for ℓ > ℓ0(N),
|Θ
(2)
ℓ |
|Ω(N,Fℓ)|
>
1
5N
.
Finally for Θ(3) and Θ(4), lo. it. provides us on the one hand with:
|Θ
(3)
ℓ |
|Ω(N,Fℓ)|
>
7
2N
−
7N2 + 23N + 28
4Nℓ
+O
(N3
ℓ2
)
,
as soon as N > 5 and with an absolute implied onstant, and on the other hand, for Nred > 10,
with
|Θ
(4)
ℓ |
|Ω(N,Fℓ)|
>
1
8(N − 6)
−
5N(N − 1) + 1
80(N − 6)ℓ
+O
(N3
ℓ2
)
,
with an absolute implied onstant. The last inequality is obtained by ombining the expression
for |Θ˜
(4)
ℓ | in [J, Proof of Lemma 20℄ and Lemma 16 of lo. it. From the above expressions we
dedue:
|Θ
(3)
ℓ |
|Ω(N,Fℓ)|
>
7
3N
,
|Θ
(4)
ℓ |
|Ω(N,Fℓ)|
>
1
9(N − 6)
,
for ℓ > ℓ0(N), with the seond inequality holding if we assume Nred > 10. To onlude, we need
to handle separately the ase where Nred 6 8 (i.e. Nred ∈ {4, 6, 8}). To that end we use one
more the orresponding formulæ ontained in the proof of [J, Lemma 20℄ as well as [J, Lemma
16℄. It is then straightforward to derive, for ℓ > ℓ0(N),
|Θ
(4)
ℓ ||Ω(N,Fℓ)|
−1
>
1
N2
,
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from these referenes. 
Remarks. (i) From the lower bound for |Θ
(1)
ℓ ||Ω(N,Fℓ)|
−1
in Lemma 11, we dedue a new proof
of (2) of [KoTwist, Lemma 5.1℄. In lo. it. the author suggests that suh a result should follow
from an adaptation to the orthogonal ase of the method used by Chavdarov in [Chav, Th. 3.5
attributed to Borel℄ to prove that the matries in Sp(2g,Fℓ) are equidistributed in the subsets
ontaining matries having a ommon harateristi polynomial. As explained in [J, Setion 2℄,
suh an adaptation is not straightforward at all (e.g. the analog equidistribution statement does
not hold in full generality) beause of the many ompliations due to the lak of good topologial
properties of the orthogonal group as an algebrai group.
(ii) To get a deeper understanding of the issue disussed in (i), we easily see that the ruial
question is: given a quadrati (resp. sympleti) 2n-dimensional spae (V,Q) over Fℓ and a
polynomial f satisfying (1) (resp. a self reiproal f ), is it true that there is an M ∈ O(2n,Fℓ)
(resp. M ∈ Sp(2n,Fℓ)) suh that det(1− TM) = f?
For simpliity we assume that we always hoose a separable f and, in the orthogonal ase, that
f is moni. In that ase we are looking for a matrix in SO(2n,Fℓ). The strategy used by Chav-
darov is to onsider this question as a rationality problem: does the set of Fℓ-points in SO(2n)
(resp. Sp(2n)) with ommon harateristi polynomial f ontain an Fℓ-point? Chavdarov on-
siders the entralizer CM¯ under Sp(2n,Fℓ) of an element M¯ ∈ Sp(2n,Fℓ) with harateristi
polynomial f . Beause Sp(2n) is simply onneted CM¯ is onneted and thus is equipped with
Lang's isogeny. This observation yields an Fℓ-point with harateristi polynomial f in the
sympleti ase. As SO(2n) is not simply onneted that method annot be diretly applied
in the orthogonal ase. Indeed a result of Steinberg (see [SpSt, II Cor. 4.4℄) asserts that non
onneted entralizers will our as soon as the group ating is not simply onneted. Moreover
we annot lift that method to the simply onneted over Spin(2n) of SO(2n) beause the
possibilty to produe an element in Spin(2n,Fℓ) from an isometry in SO(2n,Fℓ) depends on
the spinor norm of the isometry (see [Ka, Rem. 6.1℄).
The spinor norm turns out to be the right invariant that enables us to answer the question
in the orthogonal ase. First a result of Zassenhaus (see [Za, (2.1) and p. 446℄) asserts that the
spinor of an isometry with harateristi polynomial f has spinor norm f(−1) modulo squares
(provided −1 is not a root of f ). Seond, an easy omputation yields disc(f) = (−1)nf(1)f(−1)
(see [E, Th. 1 and Th. 2℄). Finally, a result of Baeza (see [Ba, prop. 3.6 and Th. 3.7℄ and
also [GM, prop. A.3℄) asserts that anM ∈ SO(2n,Fℓ) with presribed harateristi polynomial
f exists if and only if disc(Q) = disc(f) (modulo squares).
The above ondition on equality of disriminants an be restated in the framework of Rodriguez-
Villegas' unpublished note [R℄: indeed in lo. it., the author gives a very general and intrinseque
onstrution that relates to the present question. If we restrit to the ase of nite elds, that
onstrution implies the following: let ε = ±1 and onsider two oprime polynomials f, g ∈ Fℓ[T ]
with degree 2n suh that f is self reiproal and T 2ng(T−1) = −εg(T ). Then one an produe
a 2n-dimensional quadrati (resp. sympleti) spae if ε = 1 (resp. ε = −1) and two ele-
ments A,B in O(2n,Fℓ) (resp. Sp(2n,Fℓ)) with respetive harateristi polynomials f and
g. Rodriguez-Villegas shows that if ε = −1 and given a polynomial f as above, we an always
produe a suitable polynomial g, reproving in turn Chavdarov's result [Chav, Lemma 3.4℄. Now
if ε = 1 the quadrati spae we end up with has disriminant equal to the resultant Res(f, g)
of f and g. Combining that with the fats mentioned above we dedue that given f , nding a
suitable g is equivalent to solving the equation Res(f, g) = disc(f) for g.
(iii) The smallest prime ℓ0(N) for whih the estimates of Lemma 11 hold an be made expliit.
Indeed, exploiting the asymptoti expansions we used in the proof, we dedue by inspetion that
all the inequalities hold as soon as ℓ > 5N2.
(iv) It is very likely (though the author ould not ome up with a satisfatory statement
overing all the dierent ases) that a lever adaptation and/or ombination of Katz's omputa-
tions [Ka, Lemmas 6.2 through 6.6℄ would yield similar estimates as those given in Lemma 11.
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Note that, in performing suh a omputation, it might be more onvenient to use the rite-
rion [KoZeta, Lemma 7.1(ii)℄ rather than [KoZeta, Lemma 7.1(iii)℄ for a subgroup of WNred to
be equal to the full group.
To eah of the families Θ(i) of Lemma 11, where 1 6 i 6 4, orresponds a onjugay lass,
say Θ♯(i), of WNred . So with notation as in Theorem 10, we have
|{c | Lred,c has small Galois group }| 6
∑
16i64
|{c | Gal(Lred,c/Q) ∩Θ
♯(i) = ∅}| ,
where the parameter c runs over the elements of A1(Fq) suh that f(t) = (c− t)g(t) ∈ Fd(Fq).
The explanations following [KoZeta, (8.4)℄ and justifying our hoie of families Θ(i) enable us to
dedue:
|{c | Lred,c has small Galois group }| 6
∑
16i64
|{u ∈ Ug(Fq) | ρℓ(Fru) 6∈ Θ
(i)
ℓ for ℓ0(E) 6 ℓ 6 L}| ,
where ℓ0(E) is hosen in suh a way that both Lemma 9 and Lemma 11 hold and L > ℓ0(E)
is a xed parameter (in partiular, beause of point (ii) of the above remark, we an use the
inequalities of Lemma 11 provided L > 5N2).
Set
Λ = {ℓ prime | ℓ0(E) 6 ℓ 6 L} .
Applying Corollary 8, Lemma 11 and the Prime Number Theorem, we get
|{c | Lred,c has small Galois group }| ≪ N
2|G(Vg/Ug)|L
−1 logL(q +Cq1/2(L+ 1)A) ,
with an implied onstant depending only on j(E).
Remark. Note that, when applying the Prime Number Theorem, a natural onstraint is imposed
on L: sine we only onsider primes greater than 5N2, we need to hoose (roughly) L ≫
N2 log(N) (see [KoZeta, end of Setion 8℄). As explained in lo. it. this ondition an in fat
be removed by modifying appropriately the implied onstant in the above inequality. Indeed,
that inequality beomes trivial as soon as N2 > L(logL)−1.
Setting L = q1/2A we dedue
|{c | Lred,c has small Galois group }| ≪ N
2|G(Vg/Ug)|q
1−1/2A log q ,
with an implied onstant depending only on j(E).
Looking bak at the denition of A (see Corollary 8), we see that
2A =
7
2
N2 −
7
2
N + 2 ,
so that the proof of Theorem 10 is omplete.
Remark. Note that we need to assume that the ommon degree d of the twisting polynomials is
large enough in order to apply Corollary 8. The degree N of the L-funtions we study is related
to d (sometimes in a very expliit way, see the following setion), as (3) shows quite obviously.
As a onsequene, we need to have L = q1/2A big enough (i.e. greater than the parameter ℓ0(E)
of Lemma 9) and simultaneously d (and thus N) big enough. This is of ourse always possible
if q is big enough and this is why we assume q > q0(E) in the statement of Theorem 1 and
Theorem 10. This might be a bit unsatisfatory as the smallest suitable value of q is not lear,
however we an also usefully notie that the estimate of Theorem 10 is trivial for small values
of q (say if N2|G(Vg/Ug)| ≫ q
1/2A log(q)−1). In the next subsetion though, we see that in the
ase where E is a Legendre urve, a muh more preise answer to that question arises from the
resolution of the uniformity issue.
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3.2. Uniformity in the ase of a Legendre urve. In this last subsetion we fous on the
ase where E/K is a Legendre urve. Keeping the notation K = Fq(t) we let E be the ellipti
urve over K dened as the projetive ompatiation of the ane urve given by
y2 = x(x− 1)(x− t) .
The ane variety Fd an be seen in that ase as the set of polynomials with degree d in Fq[t]
that are oprime to t(t−1). Lemma 6.7 of [Hall℄ provides us on the one hand with the dimension
N of the spae Vf,ℓ:
(9) N =
{
2d if d is even ,
2d− 1 if d is odd ,
and on the other hand with the fat that Lemma 9 holds for any d > 2 and any ℓ > 5. So if we
x a polynomial g ∈ Fd−1 and a Galois over Vg −→ Ug satisfying the hypotheses of Lemma 9,
we an state the following result whih an be seen as a uniform quantitative version of Katz's
Theorem in the speial ase (stated in the introdution) of twists of Legendre urves:
Theorem 12. Let E/K be the Legendre urve dened as above. With the same notation as in
Theorem 10 we have, for any d > 3 and any power q of p,
|{c ∈ A1(Fq) | g(c) 6= 0, c 6= 0, 1 and Lred,c has small Galois group }| ≪ d
2|G(Vg/Ug)|q
1−γ log q ,
with an absolute implied onstant and where we an hoose 2γ−1 = 7N2 − 7N + 4 (the link
between N and d being given by (9)).
Proof. The statement follows diretly from the ombination of Theorem 10, Lemma 6.7 in [Hall℄
and the fat that the denominator of the j-invaraint of the Legendre urve E does not have any
irreduible fator appearing with multipliity greater than 2. 
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